Abstract-In this paper, a solution to the double curl equation with generalized Coulomb gauge is proposed based on the vectorial representation of the magnetic vector potential. Coulomb gauge is applied to remove the null space of the curl operator and hence the uniqueness of the solution is guaranteed. However, as the divergence operator cannot act on the curl-conforming edge basis functions directly, the magnetic vector potential is used to be represented by nodal finite elements. Inspired by the mapping of Whitney forms by mathematical operators and Hodge operators, the divergence of the magnetic vector potential, as a whole, can be approximated by scalar basis functions. Hence, the magnetic vector potential can be expanded by vector basis functions, and the original equation can be rewritten in a generalized form and solved in a more natural and accurate way.
I. INTRODUCTION
As one of most popular numerical techniques, finite element method (FEM) has been generalized for the numerical modeling of physical systems in a wide variety of engineering disciplines. Among various FEM formulations, the double curl equation of the magnetic vector potential A is commonly solved in the FEM solvers. It is well known that the curl operator has null space (gradient of any scalar field), which makes the solution of A nonunique. To obtain a unique solution of A, the tree-cotree gauge condition or the Coulomb gauge condition, ∇·A = 0, should be implemented. However, the tree-cotree technique is not an optimal choice because the resultant matrix is no longer highly sparse and the best tree graph is also difficult to find. Due to the divergence operator in the Coulomb gauge condition, the nodal basis functions are employed and A is decomposed into three components, (A x , A y , A z ), which violated the vectorial nature of A and also produced the spurious modes [1] .
In this paper, a vectorial solution to the double curl equation with generalized Coulomb gauge is proposed to remedy the aforementioned drawbacks. Since the space formed by the gradient of the Whitney-0 form (potential space) basis functions belongs to the Whitney-1 form (field space), the Whitney forms can be mapped to each other by the mathematical operators (gradient, divergence and curl operators), and the hodge operators [2] . Therefore, the edge basis functions are not solenoidal and they can be mapped into the Whitney-0 space by divergence operator ∇· and Hodge operator ⋆ µ −1 . 
II. FORMULATION
Consider a general 3D boundary value problem (BVP) as shown in Fig. 1 . Assume the structure is inhomogeneously composed of three bodies, Ω 0 , Ω 1 and Ω 2 , among which Ω 0 is bounded by Γ D (solid line) and Γ N (dash dotted line); Ω 1 and Ω 2 are bounded by Γ 1 and Γ 2 , respectively. In addition, the structure is excited by an impressed current source J. Thus, A satisfies the following Coulomb gauged double curl equation
which can be rewritten into a generalized form (static and epsilon-homogeneous case of the A equation in [3] ) as
Note that the terms on the left hand side (LHS) of (2) should be in Whitney-2 form (flux space), which is consistent with the right hand side (RHS). In other words, the ∇ × µ −1 ∇× operator, which can be considered as a mixed (mathematical and Hodge) operator, projects a Whitney-1 form quantity into Whitney-2 form, and so does the ∇µ −1 ∇· operator. Similarly, Whitney form transformation of the second term on the LHS can also be understood in this way: the Whitney-1 form quantity is fist projected into Whitney-0 form, by a mixed operator (
∇ · ε 0 ), and then projected into Whitney-2 form, by another mixed operator (ε 0 ∇). From this viewpoint, the Whitney forms can be mapped back and forth by the mathematical and Hodge operators.
Based on the above analysis, it is reasonable to arrive at
where the nodal basis function λ n (r) belongs to the Whitney-0 form, N n is the number of the nodes in the discretized mesh, and d n is the corresponding unknown. In order to remove the additional degree of freedom brought about by (3), testing both sides of (3) with λ m (r) yields
Thus, the unknown vector {d} can be written with the form of the unknown vector {a}, i.e.
where
] is a N n × N e matrix, and they are defined as
Finally, testing both sides of (1) with the edge basis function
is a N e × 1 vector, and they are defined as
III. NUMERICAL VERIFICATION To verify the proposed solution, we consider an iron cylinder in the field of a cylindrical coil, as shown in Fig. 2 . Since the null space of the curl operator is removed, a direct solver can be applied to (8). Also, iterative solvers are good candidates for solving the matrix system. Fig. 3 shows the magnetic flux density (B z ) along x-direction, obtained by the proposed method using direct solver, GMRES solver, as well as the ungauged double curl equation as a reference. Obviously, the results have good agreement with each other, which demonstrates the accuracy of the proposed method. In addition, B vector and A vector on the xz plane and xy plane, respectively, are shown in Fig. 4 . Both of them flow with physical sense. 
